THE DEPENDENCE OF FOCAL POINTS UPON CURVATURE FOR
PROBLEMS OF THE CALCULUS OF VARIATIONS IN SPACE*

BY

MARION BALLANTYNE WHITE

In the Calculus of Variations, if an arc Co which joins a space curve L
and a fixed point 1 minimizes the integral

1) J=£f(x,y,y',z,z’)dx

with respect to other curves joining L with 1, there will in general be a focal
point 2 lying beyond 1 on the curve C of which Cy is a part, at which the
minimizing property ceases. For the space problem it is well known that the
minimizing arc Cp; must an extremal and must be cut by L transversally at
their point of intersection 0.f If these conditions are satisfied, Co; can be
imbedded in a two-parameter family of extremals to each of which L is trans-
versal and which will have an enveloping surface. If the enveloping surface
has no singular point at its contact point with C, a further necessary condition
for Co; to be a minimizing arc is that this contact point, which is the focal
point mentioned above, does not lie between 0 and 1.

These results can be derived with the help of geometrical considerations,
but the geometrical methods fail in case the enveloping surface has a singular
point at its contact with Cy,. It is the purpose of the present paper to derive
the properties of the focal point by means of the second variation, and to show
that they persist even when the enveloping surface may have a singularity.
Further, the dependence of the position of the focal point upon the curvature
of L will be discussed, and a result derived which is analogous to that which
has already been found for the corresponding problem in the plane.f It is
found that if a direction p, ¢, r through the intersection point 0 is properly
chosen, and if 7 is the length of the segment in this direction which projects
orthogonally into the radius of curvature of L at 0, then the distance from 0

* Presented to the Society (St. Louis), December 2, 1911.

1 MasoN AND Buiss, The properties of curves in space which minimize a definite integral,
Transactions of the American Mathematical Society, vol. 9 (1908), p. 440.

1 Buiss, The second variation of a definite integral when one end point is variable, Trans-
actions of the American Mathematical Society, vol. 3 (1902), p. 132.
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to the focal point 2 along the extremal C varies monotonically with w. These
results will then be applied to the case where the extremal is to minimize the
integral with respect to curves joining a surface with a fixed point. The focal
point for a surface on an extremal to which the surface is transversal at a
point 0 is the nearest of the focal points of the normal sections of the surface
through the point C.

§1. Preliminary considerations.
In this section a number of results will be stated which have been proved

by previous writers and which are fundamental for what follows. In the
integral

1
1) J= [f(x, ¥, ¥, 2, 2)de

the function f will be assumed of class C""'* for all values (z, y,z,2',¥%',2’)
in a certain neighborhood of those corresponding to the arc Cy which is to be
considered. Along this arc the problem is assumed to be regular, i. e.,

(2) fy’y’fs’a’ _f:’z' 4: 0.

Further, the value of f on C at the point 0 where L and C intersect is not zero.
The equations of the fixed curve L are

3) z=z(u), y=y(u), z2=2z(u),

and the curve C', whose minimizing properties are to be discussed, will be
represented by
4) y=e¢(x), 2=y (2).

Both L and C are supposed to be of class C".
If Co; minimizes (1), it must be an extremal; that is, its equations (4) must
be particular solutions of the Euler equations

(5 f,—fy=0, fi—f.=0.

A second necessary condition is that C be cut by L transversally; in other words,
the condition

(6) y 2 + qQYu + 72, lo =0
must be satisfied at the point 0, where
(7 p=f—ofy—V¥f, q=1fy r=f,.

In equation (6) the arguments (z, y, ¥, 2, 2’) of p, q, r are those belonging
to the curve C at 0. A third necessary condition for a minimum is that the

* For the definition of the class of a curve see Borza, Vorlesungen itiber Variations-
rechnung, p. 13.
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quadratic form in », ¢,

® fy'u'ﬂ2 + 2fu'¢"7§ + fz'z'g'z:
be positive definite at each point of Co;. This is equivalent to the conditions,
9 Juvy >0, fuovfee —firer >0

along Co;, a form more analogous to Legendre’s condition for the corresponding
problem of the Calculus of Variations in the plane.
Suppose that Cy; satisfies the preceding conditions. Since

fvvfes —foe #0
along the arc Co;, this arc can be imbedded in a two-parameter family of
extremals,*
(10) y=‘P(m9 u, v), z=y(x, u,v),
reducing to Cy, for
u=20, v=0,
to each of which L is transversal. The functions ¢, ¢, ¢, ¢ will be of class

C’ for values of z, u, v, in a certain neighborhood of those defining the arc
Co1. Along the curve L we have

(11) y(u)=elz(u), u,v], z(u)=y[z(u),u, ],

and also the identity
Pru+ qyu+ 12, =0,

expressing the fact that L is transversal to the extremals. In this last identity
the arguments of p, ¢, r are ¢, ¢, ¢, ¢’ with x (u) in place of z as in (11).

From (11) it follows that ¢, and ¢, are zero at 0, and therefore the de-
terminant of the family (10),

ou Yu
(12) A(z,u,v) =

’

Py, ¥y

is also zero at that point. It can be proved that if A (2, u, v) vanishes at
no other point on Cy; this arc will furnish at least a weak minimum for the
integral J with respect to curves joining L with 1. If on the other hand

Az, u,v)=0

at some other point 2 on Cy, and if one of the determinants, say the first,

of the matrix
Ay Ay

(13) Pu  Pv
Vu Vo

* MasoN aND Buiss, loc. cit., p. 460.
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is not zero at that point, then the equations
A(x,u,v)=0
and
Yy=e¢ (x y U, ’D)

can be solved for u and » as funetions of z, y in the neighborhood of the point 2.
On substituting these values in

2=y (x, u, ),

there results the equation of the enveloping surface of the extremals, to which,
in particular, Co, is tangent at 2. The point 2 1s called the focal point of L on
Co1, and 1s characterized by the fact that it ts the first point after O for which

A(x, u,v)=0.

The existence of the enveloping surface with an ordinary point at 2 is de-
pendent upon the assumption just made with respect to the determinants of
the matrix (13). With the help of further properties of this surface it is
possible to prove that «f the point 2 lies between 0 and 1 on the arc Co;, then Cy,
can not furnish even a weak mintmum for the integral J with respect to curves
joining the fixed curve L with the fixed point 1. The theorem is true without
the assumption on the matrix, as will be shown in § 5 with the help of the second
variation.

If Cy, is to minimize J with respect to curves joining a surface S,

(14) r=z(u,v), y=y(u,v), z=2z(u,n),

and a fixed point 1, the arc must satisfy necessary conditions similar to those
in the case just stated. It must be an extremal cut by S transversally at 0,
and along it the Legendre condition must hold. The transversality conditions
have the form,

(15) Pyt qyu + 120 =0,  px, + qy, + r2,l0 = 0,

where the arguments for p, ¢, r, defined in (7), are the values belonging
to Co; at 0. The extremal Cy can again be imbedded in a two-parameter
family of extremals,*

(16) y=e¢(x,u,v), z=y(x,u,0)
to which § is transversal, and the equation
A(x, u,v)=0

for this family is the equation from which the focal point 2 may be determined.
The properties of the focal point with respect to necessary or sufficient con-

* MasoN AND Buiss, loc. cit., p. 448.
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ditions for the minimizing arc in this case are similar to those stated above for
the case when one end-point may vary on a fixed curve.

Since the curves of either of the families (10) or (16) are solutions of the
Euler equations (5), their derivatives ¢u, ¥u, ¢v, ¥» are solutions of the
Jacobi equations,

d
fun + foun” + fuo8 + fuart’ — de (fyrym + fyyn’ + fue8 + furret’)=0,
(17) p
fzy’) +fzy'77, + fug' +fzz'§', - % (fz'yﬂ + fz'y"')’ + fz'zg' +fz'z'§-’)='0:
as may be shown by differentiating the two Euler equations with respect to
worov. The arguments of the derivatives of f are z, ¢, ¢, ¥, ¢'. The two
equations (17) are linear and of the second order in 9, ¢. It is therefore
possible to express the solutions ¢u, Y., and ¢,, ¥, and hence the equation
determining the focal point, in terms of a fundamental set of solutions of the
Jacobi equations; this will be done in the next section.

§2. The geometrical determination of the focal point.

Since the Jacobi equations (17) are linear and of the second order, they have
a fundamental system of solutions which with their derivatives may be denoted
by
m N2 M M

§1 $2 §3

U A A

% 8 b
and may be chosen so that the matrix of their values at z = z, is
1000
0100
0010
0 0 0 1.

(18)

(19)

The particular solutions which occur in the equation

Pu ¢u

(20) =0,

0o Yo

from which is determined the abscissa 2 of the point of contact of each of the
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extremals (10) with their enveloping surface, may be expressed in the form

4 4
¢u=‘z:lci'ﬂi: ¢u=‘z;ci§i:

@ . .
‘Pv=2dmi’ \Lv=;dig-i-

i=1
From the initial conditions (19) it is evident that
c = ¢u|07 Co = 'I’uloy C3 = (0:4‘0: Cy = '//:I"o,
di= ¢,|°, dy = ¥,|°, ds=¢.l°, di= i,

where the bar and superscript indicate that the arguments of the functions
are for the point 0. At the intersection of the extremals with L, the equa-
tions (11) hold, and therefore by differentiating we have

22)

Yu = ¢'Tu + ou, Zu = VT + Yu,
0= o, 0=y,

in which the arguments of ¢, ¢ and their derivatives are # (v), u,v. Hence
if u is taken as the length of arc L so that the derivatives 2., yu, 2., are the
direction cosines a, 8, v of the positive tangent to L, the constants (22) become

(23)

a=p— ¢al, o=7v—Yal, 3= |’ e =¥ |,

d1=0, d2=0, da=¢lv|o: d4='/’:7!°-

di=dy =0,
the equation for the focal point, when (21) is substituted in (20), reduces to
(25) exds(mis) + erds (mss) + cods (n2fs) + coda (mafa) + (cads) (n384) =0,

the round brackets indicating second order determinants. The coefficients
in this equation which involve c;, ¢4, ds, ds can be calculated by means of
the transversality condition

A=pre+ qyu+r2.=0,

in which the arguments of p, ¢, r are z, ¢ [2 (u), u, v,], ¢’ [z (u), u, v]
and the corresponding expressions for y. The equation is an identity in
u, v since L is transversal to every curve of the family. If the u and v de-
rivatives of (6) are found, we have

(26) Douu + qQYuu + r2uu + Az, + Ay‘Pu + AN+ Ay'ﬂo; + Az"/’:‘ =0,
Ay‘Pv + Az¢v + Ay"P; + Az"l’; = 0:

where the primes denote as always differentiation with respect to . The
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derivatives of p, ¢, r with respect to z are

v=fitfe +fV —fre—fW¥, o=Ff, =f
and since the curves (10) are all extremals satisfying the Euler equations (5),

these reduce to
P"—-fz’ q'=fv: T'=fz-

Hence the derivatives of 4 occurring in (26) have the values
4" =fa+fB+f,
Ay = (fy = fru# — fo¥') @ + fuuB + fuy,
@7)  A.=(f: = fve — fod') @+ fuiB + forv,
Ay = (= fove — for¥) @+ fyuB + fory = fyveu + forbu,
Av= (= fyee = fosl) a+ fyuB + foor = fyveu+ foitbu.

In (26) we will replace Zuu, Yuu, 2uu by their equals I/ p, m/p, n/p, where
the direction cosines I, m, n, are those of the principal normal to L at its
intersection with the extremal (4), and p is the radius of curvature of L at
the same point. Since equations (26) hold along L, and since ¢,, ¥, vanish

at 0, we have
dy:di=— A, : Ay,

In this ratio the expressions 4,’, and 4,’, cannot both vanish at the point 0.
For if they did, it follows from their values given in (27) that ¢, and ¢, would

have to be zero, since the determinant of their coefficients is not zero. But
in that case from equations (23) we should obtain the ratio

a:f:y=1:¢:y,
and the transversality condition (6) would become
f=fve —fV +fe +f¥ =f=0,
which contradicts the hypothesis of §1 that f 3 0 at 0. Furthermore ds, d,
cannot both be zero, since the determinant (12) which is known to be differ-
ent from zero near 0* would then vanish identically. The equation (25)

is homogeneous in d3, d4 , and hence the value of 2 which satisfies it is unchanged
if we put

(28) dy=—A,s°, di= 4,).
From (22), (28) and the first equation of (26), it follows that
’ ’ l ’
(ers ) = gidy o+ yid, = — (BT g g 4o an ).

* MasoN AND Buiss, loc. cit., p. 462.
Trans. Am. Math. 8oc. 18
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If the values of A’, 4, and 4, from (27) and of ¢, and ¢, from (23) are sub-
stituted, the expression for (c;, ds) reduces to

pl+ gm + rn

mE L Qs

(29) (s, d0) = — |

where Q (a, 8, v) is the quadratic form
Qa,B,7) ={fs — &' (fu— o' — ¥fue') — ¥ (f: — &fyr — ¥f2ur)}
(30) F fuB + foe + {2fy — 26y — ¥ (furr + fur2) } 0B
+ {2f: — o' (furr + fure) — 2 ferr Yoy + (furr + fu72) By,

whose coefficients depend upon the values of f and its partial derivatives at
the point 0 on Cy;. The coefficients of the determinants (%;, ¢x) in (25) are
therefore all expressible in terms of the directions of the principal normal and
the curvature of L at 0, and of the directions of the extremal Cy; to which L
is transversal at that point.

The equation (73, {4) = 0 is satisfied by x,, and its nearest root 3 to
defines the point ‘“ conjugate ”’ to 0 on Cp;, when J is to be minimized with
respect to curves joining the point 0 with the fixed point 1. Unless the
focal point for L and this conjugate point coincide on Co;, the determinant
(n3, ¢4) is different from zero for the value of « which satisfies (25), and it may
be written in the form

(e1m + cama, ds$s + dafs) _ pl+ gm+ rn
(m3, §4) p

(31) +Q(a,8,7).

The case where the focal and conjugate points coincide will be considered
later. Equation (6) is the condition that the direction p, g, r is perpendicular
to L and therefore lies in its normal plane. Hence the equation

pltgmtm_
Vit @+r

defines 6 as the angle between the principal normal of L and the normal
p,q,r. Letthe zero of equation (25) which is nearest to xo be denoted by z,,
and the segment on the line p, g, r which projects into p, the radius of curva-
ture of L, by

(33) m=psecb,

(32) 0s 0

as shown in the accompanying figure. Then the equation which z; must
satisfy may be written

Ve + ¢+
(34) Hp) = ZEEED 4 9(a,8, 1),
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where H () is the left member of (31). From this equation it follows readily
that if a space curve L culs an extremal C transversally and has a fixed direction
at the intersection point 0, then the abscissa of the focal point of L on the extremal
C depends only upon a quantity =, which if measured off on the normal p, q; r
to L will project orthogonally into the radius of curvature of L at 0. The func-
tions p, ¢, r and their arguments are those defined by equations (7).

par Lm,n

Fia. 1.

§ 3. Conjugate solutions of Jacobi’s equations.

In order to discuss more completely the dependence of the focal point upon
the projection = defined by equation (33), it will be necessary to use a formula
due to von EscHERICH* involving so-called conjugate systems of solutions of
the Jacobi equations. The method of deriving this formula as given here seems
simpler for the present problem that that of voN EscHERICH.

The definition of a conjugate system of solutions of the Jacobi equations
involves an expression which will now be derived. It can readily be shown
that when 5 and ¢ are thought of as taking the place of y and z, the Jacobi
equations are exactly the Euler equations of the homogeneous quadratic form

n,¢) =fw’72+ 2fyam¢ +fu§'2 + 2(fw"7"7’ +fuz'77§" +fzv'$"’7’ +fu'§'§")
+ fv'v'"ﬂ + zfv'z"’l’fl + fz':'flz ’

the reasons for this relationship appearing more clearly in §5. Since Q is
homogeneous in 7, 7', {, ¢’ it has the following two useful properties:

(36) Z(nQ,+ 7'9,) = 22,
37 S+ 0"2%)=Z(:2+ '),

where the summations are taken with respect to n and {. Let the Euler

(35)

* Von EscHERICH, Die zweite Variation der einfachen Integrale, Sitzungsberichte der
kaiserlichen Akademieder Wissenschaftenin Wien., vol. 107, Abth. IIa (1898),
p. 1232.
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expressions for € be denoted by

(38) M(n,$)=0,—9;, N(n,{)=9—Q.
Then

"hM ("lz: fz) = 0y, + ’7;9»'. - é—dquﬂ,{',
and it follows from (37) that
Z[mM (2, 82) — M (m,0)] = ‘%E(nzﬂﬂ— mny,)
(39) p
= d;‘l’("n, £15 n2, $2),

the summation indicated being taken with respect to n and ¢ in each case.
The expression ¥ (91, ¢1; 72, ¢2) has the value

3 (m, £ s &) = (Fw — Fa) (m&a — mady) + 10 (£t + fetl)
+ &2 (Fpem + fortt) = 2 (Fpym + frut)) = 2 (Fpom+ fout)-
From (39) it is evident that for any two solutions of the Jacobi equations
(41) ¥ (m1, $1; 2, $2) = constant.

A conjugate system of solutions of the Jacob equations is defined as a pair of
solutions my, 1; n2, $2, which are linearly independent and which satisfy the con-
dition
(42) ¥ (11, ¢15 n2, $2) = 0-

We will now take any three sets of solutions 7, ¢; 71, ¢1; 72, {2, and from
them form the determinants

(40)

7T Mm m 72
£ & 1 &

The expression AA" — AA;, whose value is needed in the later discussion,
can be put in the form

’

7 n ¢80 &
(44) AA—AA =81 m ml—mln m m|=fx(n¢)—ne(nl),
¢ O & £ O &

where the primes denote derivatives with respect to z. On the hypothesis
that m, {15 72, ¢ form a conjugate system, it is possible to express the
functions x and w in terms of ¥ (1, {1; 7, ¢) and ¥ (792, 23 7, ¢) as defined
in (40).
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The equations
(45) x(n,8)=0, ow(n,¢)=0
and likewise
(46) \I’('lly ISHE B g.)=‘1'l=0’ \I’(772: {23 7)’{)=‘I'2=0,

are linear in the first derivatives of n, m, 72, ¢, {1, f2. Moreover inspection
shows that n1, {1; 72, {2 form a fundamental set of solutions for (45), and since
they form a conjugate system they are likewise solutions of (46). Hence the
two systems (45) and (46) are equivalent and the former may be expressed
linéarly in terms of the latter in the form

47) X = M¥1+ \¥s, w = m¥ + p¥,.

A comparison of the coefficients of 4’ and ¢’ on both sides of these equations
with the help of (40) gives four equations from which the following values of
A\ and g can be determined.

k -_— _f”"’m—-l—f',"_lg _fll’ll’ﬂ? +fv'z'§-2
1 D ’ m="—7 )
(48)
A = f——-—————”"'m + St _ _Jyv'm +fvh
z = D ’ M2 = 7
where
vy Ju'e
= +0.
y'e’ J2'2

If we now assume further that the solutions 5, ¢ form with #,, {2 a conjugate
system, but not with #;, ¢, then by definition ¥, vanishes, but ¥, is different
from zero and equations (47) take the simpler form

(49) x = MYy, w = uy¥.

Substitution of these values in (44) gives it the form

’ v
(50) AA" — AA; = ¥y (foh1— mop) = — ﬁl {furvmt + 2fyembe + forutd) .

Hence if m, 1 and 72, 2 form a conjugate system of solutions of the Jacobi
equations, and if n, ¢ 18 a third system conjugate to ns, ¢2 but not to n1, ¢1, then
the determinants

1 M
$ &

m
1 &2

A=

l=

’

satisfy the relation (50).



186 M. B. WHITE: DEPENDENCE OF [April

§4. Dependence of the focal point upon the curvature of the fixed curve L.

The expression for H (2 ), which is the left member of (31), may be written
in the form
(51) H(z) = dym T cm, dsfa + duls)

(ms, ds¢s + dals)

provided that d, is different from zero. In this expression the functions 7
and ¢ have the meanings of §2, while the three solutions (7, ¢), (11, 1),
(m2, ¢2) discussed in §4 correspond to (e1m + come, €181 + c282), (n2, £3),
(dans + dama, dsfs + data). The argument would not be changed materially
if d4 vanished, for since d; would then be different from zero, a similar trans-
formation involving it could be made. The expressions ¥ (7;, ¢i; 7%, ¢&)
are constants, since (7:, i), (7%, &) are solutions of the Jacobi equations
for all of the values

A
=d

i, k=1,2,3, 4.

This constant, which will be denoted by ¥, can be calculated from (40)
by putting x = o and using the initial values (19), with the following results:

Vg = 2fllz' - 2flllz |0, Yoy = — 2f}/'z' !0,
(62) V3 = — 2fu'y' o, Vo = — 2fz'z' !0,
V= — ny'z' |0: gy = 0.

It follows directly that
¥ (m3, ¢3, dsns + dama, dsfs + dafs) = ds¥ss + ds¥3 = 0,

and therefore that the solutions in the denominator of H () form a conjugate
system. Similarly the solutions in the numerator turn out to be conjugate,
for the function ¥ with these arguments reduces to zero by the aid of (22),
(27), and (28). Furthermore since the expression

(53) ¥ (exm+ coma, 161+ aba; m3, £3) =2 { eafyy + cofyar} [0 =2dy 0,

the solutions occurring in the expression (51) for H () have exactly the prop-
erties discussed in § 3. Hence the valuesof H’' («) can at once be written out
by substituting for 7., ¢z in (50) the corresponding solutions in the presert case,
and for ¥, its value from equation (53). Then

AN — AA; 248
H (x) = d4 : Af f= — DA%{fu'y'(dS’N'i' d4774)2

(54)
+ 2fyr2 (dans + dana) (dsfs+ dats) + for2 (dsts + dats)?},

which, on account of the properties of the quadratic form in the right member,
is always negative for 2o < z < x3.
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Both numerator and denominator of H (2 ) vanish at g, but the expansion
of the functions #;, {; involved in the neighborhood of z, by Taylor’s
formula with a remainder term determines the value of H (z) as a finite
quantity. On account of the initial conditions (19), the first terms of these
expansions are as follows:

m=14-:, m=am(z—2)+- -+, m=(x—2)+- -,
m=oag(x—x0)*+ -, h=8%(x—ax)+ -,
g‘2=1+...’ §‘3=ﬁa(x—xo)2+...’ §‘4=(x—xo)+..._
The first terms of the corresponding expansions for A and A; will therefore be
A = (cidy — cods) (2 — o) + +- -,
A =dy(z — @)+ --
The coefficient of + — x, in A reduces by (28) to the quadratic form
cifyy + 2e¢afys + cif e
which is positive. Hence H (x) approaches the value + » as z — 2y
approaches zero through positive values.

The function H (x) also becomes infinite as x approaches the value a3
defining the point conjugate to z,, for the determinant A, vanishes at z; and
in the present case it has been assumed that A does not. Furthermore since
its derivative (54) does not change sign, H (x) varies monotonically.

Hence as x vartes from xo to x3 the function H (&) takes every real value once
and only once, and therefore for any value of = the equation (34) has a unique
root. In other words any curve transversal to Coy at 0, and having the same
tangent with L at 0, has a unique focal point on C between the intersection point
0 and its conjugate 3.

To determine how the focal point 2 varies with = when the extremal Cy;
and the direction of L remain fixed while the curvature of L at 0 is allowed to
vary, the derivative of z, with respect to = must be found from (34).

The resulting expression,
doy _ VP +g+r
dr w2 H' ()
is positive for oy < < a3. Further, since H (z) is infinite at 2 and z;3,
equation (34) shows that these values must correspond to = = 0. It follows
that as the projection w vartes from 0 to + « and from — o« to 0, the focal
point traverses the curve C monotonically from 0 to 3.

In case the point 0 has no conjugate on the curve C a value of = can be

selected so near to zero that equation (34) has a corresponding root ;. By
the usual theorems on implicit functions it follows that the equations can be

(55)
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solved for z; as a function , (7) in the neighborhood of this initial solution,
and the function so determined can be continued indefinitely unless a limiting
value z; is approached at which ‘the continuity properties of the functions
entering into the equation no longer hold. The value of 2, () will increase
monotonically as = increases. In other words, if there i3 no point 3 conjugate
to 0 on C, then as the value of = increases, the focal point 2 of L will traverse
the curve C monotonically until it approaches the end point of the arc C at which the
properties prescribed for the function f cease to hold or else 2 will move off to
infinity on C.

In the exceptional case where A and A, vanish simultaneously at z3, the
expression A;A’ — AA; will also vanish. Inspection of equation (54) shows
that this can happen only when

(56) dsns + dam = 0, dsts+ dits =0,

on account of the properties of the quadratic form which it involves. If the
values of d; and dy from (28) are substituted in (56), two equations linear in
a, B, v are obtained:

{ (fyrre’ + o) ms — (fuwe + e ) nat a

= {fyems—fyynd B— {ferems—fyrem}vy=0,
{ (fura¥' +foee’) $3— (fuve +fua¥') Sal

—{fvess—fuvSa} B— {feraSs =y} v=0.

These equations are not independent, since all the determinants of their matrix
vanish. However, either one is a condition on «, g8, v, independent of the
transversality condition (6), since it turns out that the determinants of the
corresponding matrix cannot vanish unless

(67)

m=n={3={.

Except in this last case, either one of equations (57) together with the trans-
versality condition (6) will determine the ratio of «, 8, v uniquely, and there
18 therefore only one direction, a, B, v, transversal to Co at 0 for which A and A,
vanish simultaneously at the conjugate point.

If A, has a zero of higher order than A at x3, H(x3) is infinite; and it follows
from equation (34) that x, will approach z; only when = approaches zero
through negative values, and the focal point varies with = as in the previous
case.. But if the zero of A, is of the same order as A or lower, then H (x3)
is finite and x, approaches z; as = approaches a certain value =3 different from
zero; that is, the focal point 2 traverses C from 0 to 3 while = increases from zero to
a value w3, zero or infinite; and as w increases from w3 through negative values to 0,
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the focal point will remain fixed at z;. For since the point 3 is conjugate to
0, no arc containing the point 3 can ‘minimize J with respect to curves joining

Land 1.
§ 5. The second variation when one end point is variable.

The necessary condition that Cy; minimize the integral J can be derived
from those of an ordinary mimimum problem by considering a one-parameter
family of curves

(58) y=g(x,u), z=h(z,u),

which include the arc C for u = 0, pass through the point 1 when z =
and intersect the curve L. Analytically these properties of the family (58)
are expressed by the equations

40(-’3)‘—'9(93,0), ¢(x)=h(x,0),
(59) 2/1=9(¢1, U), 21 = h(xl: u)’
y(u) =glz(u),u]l, 2z2(u)=rhlz(u),u].
The integral
(60) T = [ 9,0 b K)o
z(u)

taken along any curve of the family is a function of « which is to be minimized
foru = 0. Therefore the following conditions must be satisfied:

J(0)=0, J"(0) 0.
On differentiating (60) the derivative J'(u) is found to have the value

61) () = fadeco + [ 2 Goaut fdl)da,

where the sum is to be taken with respect to y, z or corresponding symbols
such as g, k. It appears after an integration by parts that J’(0) vanishes
only if

(62) fxu + fv'gu + fz'hu =0

at * = z;, the intersection of L and Cy. This becomes the transversality
condition (6) when g, and h, are replaced by their values

(63) gu = yu - g,xu, hu = 2y — h,xu,

found from equations (59).
Differentiating (61) again and evaluating for v = 0, we have

J"(0) = f2uu + fuzu + Z(fin + furn' o

(64) a , g
+ [5G+ frsidde + [ 0, 52,
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where .
(65) 7(2)=gu(x,0), ¢(2)=hi(x,0),

and @ has the value given in equation (35).
For = 29, the values of 5 (z) and {(x) are given by equations (63), and
from (59) guu, huu satisfy

You = 9%+ 922 + 292, + o,

(66) ,
2, = Wz, + h'z>+ 2hx, + h

uu )

while at = z; all four of these functions vanish. Hence if the usual inte-
gration by parts be applied to the first integral of (64), since Cy; is an extremal
the expression J” (0) becomes

J"(O) = quu‘i‘ qyuu+ rzuu+ (fx _fyﬂo’ —fz'l’/)x:

(67)
+ 2xuyufy + 2xu2uf.

o+£ 2 (n, ¢)da.

0

The expression outside of the integral sign, it is to be noted, is independent
of the choice of n and {. From equation (36) it follows that the integrand
in the last equation can be put in the form

(68) iz(@n+ )

and integrated by parts. On substituting the derivatives of 2 and again apply-
ing equation (63) to the terms outside the integral sign, at the same time sub-
stituting for 4, yu, 2., their equals &, 8, v, the expression (67) takes the form

J"(0) = pus + qYuu + 120+ Q (@, B, v) + { (— fove — fye¥') e
(69) FfoyBtfrevia +{(—=foee —fod)a +fyeB+frov}s’ L

xy
+4 [ (0, - 9) de,
EN)

where @ (a, 8, v) is the same quadratic form as that given by equation (30),
and the expression 2, — Q- and Q; — Q;’ under the integral sign when equated
to zero,

Q, — Q,I = 0,
(70) M n

Q{ - Q;’ = 0 >
are the Euler equations (5) for the function Q (x, v, v, ¢, '), as well as the
Jacobi equations (17).
It will now be shown that under certain circumstances the family of curves
(58) can be so selected that J’” (0) will vanish, and that J” (0) may even

be made to take opposite signs, a condition which cannot exist if Co, is to render
J a minimum.
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First let us consider the conditions under which 4 (z) and ¢ (x), func-
tions of class C’, may be the derivatives g, (z, 0), Ay (2, 0) for a family of

variations (58). From equations (59) it follows that
(71) ﬂ(xl)‘—‘gu (xl’ O)=0’ g‘(xl)-_-hu(xl’ 0)=0:
N(20) =yu— ¢ (Z0) 2, & () = 2u — ¢ (20) 2u.

These equations are the necessary and sufficient conditions that a family of vari-
ations (58) exists with n (x), ¢ () equal to the derivatives g, (,0), by (2,0).
For let 9 (), ¢ («) be two equations satisfying these conditions and let

y=o¢(x)+un(z)+ (xz—21) Y (u),
=y ()t ur(x)+(x—a1)Z(u)

be a particular form of (58), where Y (u), Z (u) are to be determined. Evi-
dently the curves of the family all pass through the point 1. Furthermore
at the intersection of the family with L, Y (u), Z (u) can be determined so
that

(72)

y(u)=¢lz(u)]+unlz(u)]+ [z (u) — 2] Y (u),
z(u) =ylz(u)]+uslz(u)]+[z(w) —nlZ(u).
For u = 0 it follows, since L and Cy, intersect at 0, that
(74) Y(0)=2(0)=0-

(73)

Differentiation of the first of equation (73) gives
(75) Yu= ¢ty + 9+ un'zy + 2. Y(u) + [ (u) — 1] Ya.
On account of equations (71) and (74), the evaluation of (75) and of the
analogous equation for z when u = 0 give
Y.(0)=2,(0)=0.
Therefore Y (u) and Z (u) have the form 4?Y; (u), u?*Z; (u) where Y; and
Z, are of class C' near u = 0. Equations (72) now take the form
=o¢(x)tun(z)+ (z—z) Y1 (u)=g(z, u),
2=y (z)tut(z)+ (z—21)uZ,(u) = h(zx, u),
and it is evident on differentiation that n (2), ¢ () are equal to g. (2, 0),
h. (x, 0) respectively.
It is now possible to determine conditions under which # and ¢ may be
selected so that equations (59) are satisfied and also so that J”” (0) vanishes.

If 9, ¢ ‘is a solution of the Jacobi equations (17) or (70), each can be
expressed in terms of the fundamental set (18), and they may be taken in the

(76)
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form \ .
(77) 7= 2 cimi, =D et
£=1 i=1

where the constants are to be determined by conditions (19) and (71). Itis
at once evident that

cl=1pl°°=y,,— ¢ (o) Zu, c2=§'i°0=zu_¢'(¢o)xu:
(78)

c3=q’l, c4=§-’l.

If equations (71) are to be satisfied and at the same time the expression (69)
for J”” (0) is to vanish, ¢; and ¢4 must satisfy the three equations

cim (1) + ceme (21) + cans (21) + cana (1) = 0,
el (21) + cafz (1) + csfs (21) + cafa (21) = 0,
U+03V+C4W|o=0’

U = p2us + qYuu + r2us + Q (a, B, v),
V=_(—¢fvy —V¥fs)a+ fyryB+fyav,
W=(¢fys—¥fr)atfysB+for.

If these can be solved for ¢; and ¢4 the functions  and ¢, which will then

be completely determined, will make J’’ (0) vanish.
If the determinant

cam (x) + come () 3 () na ()
(80) a1 (z) +efa () a(x) ()
U V w

vanishes for any value x, between xo and x4, then n and ¢ can be so chosen that
J"" (0) unll be either positive or megative, and consequently the arc Co, cannot
minimize the iniegral J.

In order to show this, suppose first that at 2, the condition

(79)

where

n3 (x) na(x)
$3(z) ¢a(z)

is satisfied. Then the two equations which differ from the first two of (79)
only in having the argument z, replaced by z,, can be solved for ¢; and ¢4,
and their values, by the hypothesis that the determinant (80) is zero at z,
satisfy the third equation of (79). Two functions 5 (2), ¢ (x) can therefore
be chosen which are solutions of the Jacobi equations, have the values (71)
at z,, satisfy the equations analogous to (79) at z;, and vanish identically

(81)
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between 2, and ;. For such a pair of functions J’” (0) is zero. The func-
tions 9, ¢ so determined cannot be identically zero between z, and z;. For
if that were the case the expressions (71) would vanish at ¢ = x,, and by the
same argument as that used in §2, this can be shown to be impossible, since
J 0 at 0. Hence at the point 2 at least one of the derivatives 9", ¢’ is
not zero, since the only solutions of the Jacobi equations which can vanish
simultaneously with their derivatives are g = ¢ = 0.
Consider now the problem of minimizing the integral

82) [atn na

with respect to curves satisfying the initial conditions (71). The functions
7 (z), ¢ (z) as chosen above are extremals for this integral since they are
solutions of equations (70). They have however a corner point at z;, and
hence, if they are to minimize (82), the equations *

(83) Q=9 Q=9

must be satisfied at x = ;. After these expressions are evaluated, since 4, ¢
and their right hand derivatives are zero at z,, (83) reduces to

(84) fy'u'ﬂf- +fy's'§’— =0,
y'z"’l’_ + fs't'g-:. = 0.

These last equations cannot be satisfied, since their determinant is different
from zero by (2) and it has just been proved that 4_, ¢” do not both vanish
at = ;. Therefore 7 and ¢ as chosen do not minimize the integral when
there is a corner point, and it is possible to choose two functions %, ¥ which
will give the integral (82) a smaller or a greater value than that given by the
functions described above. Under these circumstances the expression (67)
for J”(0) can be made either negative or positive, since for n (z), ¢ () it
vanishes, and since the terms outside the integral are independent of 5 and ¢.

The proof that Co; cannot minimize the integral J if a zero z; of the deter-
minant (80) lies between x, and x;, is now complete for the case when the
expression (81) is not zero at x,. If this last determinant does vanish at
x = 2,, then two functions

(85) n = cans (&) + cams (), §=c3f3 () + caa ()

can be chosen, which on account of (19) are zero at x, as well as at x;, and which
are identically zero between x; and ;. The family of curves

(86) y=e¢(z)tun(z), z=y¢(x)tus(z)
* BoLza, Vorlesungen tiber Variationsrechnung, p. 366.
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all pass through the points 0 and 1. For these variations, all of which have
the same end points, the expression for J”(0) reduces simply to the integral
(82). By the same argument as has just been used, it follows that J”(0)
vanishes for the 5, { just defined, and that these functions cannot minimize
J”(0), since they have a corner point at z; at which the necessary conditions
for a minimum are not satisfied.

By comparing (80) with equations (29) and (27) it is evident that the
elements of the last row of the determinant are — (3, ds), ds, and — d;
respectively. Therefore if (80) is expanded in terms of these elements, the
result when equated to zero is precisely the equation (25) whose solution x,
determines the focal point on Cp;. This identifies the focal point with the
value z which is the zero of the determinant (80) in the foregoing discussion,
and completes the proof, made independently of the form of the surface enveloping
the extremals, that if the arc Coy ts to minimize the integral J with respect to curves
jotning L with the point 1 the focal point cannot lie between 0 and 1.

We will now consider the case where the determinant (80) does not vanish
for any value of « between o and ;. Since its zero determines the abscissa
of the focal point 2 of L on the extremal, 2 does not lie on the arc Co;. It is
proposed to show that in this case J”’ (0) is positive for all choices of 5 and ¢,
that is, for any one-parameter family of variations of the form (58). It will
be shown that a proper choice of a special pair of functions 59, ¢, satisfying
conditions (71) will make the value J (0) positive and at the same time less
than the corresponding value for any other pair 71, {1 satisfying (71).

Let n and ¢ be in the form

n=cim (&) + ceme (z) + ang () + bna (),

(87)
¢ =c1(x) + eefe () + ags () + bga (),

which represent in (z, n, ¢ )-space the four-parameter family of extremals of
theintegral in the formula (67) for J”” (0), and let 5, {0 be the particular curve
that passes through 0 and 1. The second condition of (71) determines

(88) cr=p8— ‘P’a IO’ Cy = 'Y_\l/a on

and we may determine the values ao and b, for the functions 7o, {o by means
of the equations,

crm (1) + cama (22) + aons (21) + bons (21) = 0,

(89)
aif1(x) + cofo (22) + aofs (21) + bofa (21) = 0.

The determinant of those equations with respect to a and b is different from
zero, since 1 is by hypothesis between 0 and its conjugate point on Cp;. If
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the values of ¢; and ¢, in equations (87) are determined by means of equations
(88), while those of a and b are left arbitrary, a two-parameter family of ex-

tremals for the integral X
[ew e

(90) 7=1n(x,a,b), ¢=¢(z,a,bd)

is determined, all of which satisfy the second of the conditions (71). We will
now show that the particular curve

n0 = n(x, ao, bo), So= ¢ (x, ao bo)

satisfies conditions sufficient to minimize the integral in J”” (0) and further-
more makes J’ (0) positive.
By referring to the expressions for @, it is seen that the conditions

innl > 0, Q"Inlﬂglgl -— ingr > 0

reduce to the corresponding conditions on the function f. Again, the deter-
minant
Ta $a

m $
whose zero determines the focal point on the extremal, reduces to the deter-
minant (793, {4) which is different from zero for 2y < 2 Z x3, and therefore
the focal point does not lie on the extremal in question. The E-function
which has the form

E (x: 7, f;"ﬂ’y f’: ’7(,)’ g‘(’)) =Q (x, 7, &, ’7,: g-l) —-Q (x) 7, ¢, "71,): ﬂ';)
= (0 = 1) O — (&' — &) o
can, by using Taylor’s Theorem, be transformed into
312 (0 — )2+ 22,0 (0 — m) (& — £) + Qe (87 — £5)%)
where the second derivatives of @ are exactly the corresponding derivatives
of f with respect to y, z instead of #, {, and where ', {’ give the directions
of any curve joining 0 and 1. This expression for the E-function of @ is

the same as that for the function f along the extremal Cy; and is therefore
positive. It follows that the particular functions 79, ¢, minimize the integral

f Q (9, ¢) dx with respect to any other functions 5 and ¢ satisfying the re-

lations (71). These same functions also minimize J’’ (0), since in its value
given in (67) 5 and ¢ enter only in the integrand.
It can also be shown that J’ (0) is positive for 7o and {,. The expression
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(69) can be put in the form,
_VP+e+r
™

0

J"(0) =
1)

- Q(a’ 8, 'Y) _d4ﬂ’+d3{’

1
+%£ E(Q,,—Q;,)ndx.

Since 7’ (x0) and ¢’ (29) equal ag and b, respectively, if their values from (89)
are substituted in (91) it becomes

VT FEr

™

0

770y = { Hian) - -~ Qe 8, }

(92) .
+%j; z(Q,— ) ndz.

It has been proved that H (zy) = + « , and that the first value of x for which

H(z)— WL“:”_"‘_E’

- Q (e, 8,7)

becomes zero is 2, the abscissa of the focal point, which in the present case
does not lie on the arc Cyp;. Hence the expression in the parenthesis is pos-
itive, and as the choice of # and ¢ causes the integral to vanish, J’ (0) is
positive. Since a pair of functions 7o and ¢, has been found which not only
make- J/ (0) positive, but also minimize it with respect to all arbitrarily
chosen 7, ¢ satisfying conditions (71), we see that J’ (0) <8 positive for any
family (68) when the focal point does not lie on the minimizing arc, and J (Co1)
18 less than the value of J taken along any neighboring curve of the family.

§6. The focal point for a surface.

The determination of the focal point on the extremal Cy; which is to minimize
the integral J with respect to curves joining a surface S and a fixed point 1,
follows readily from the results for the curve. The necessary conditions which
Con1 must satisfy have been stated in §1. At the intersection of the surface
S (14) with the two parameter family of extremals in which Cy, is imbedded,
the following equations hold:

(93) y(u’ v) = ‘P[x (u" v), u, '0], z(u, ‘”)=¢[m (u: v), u, ‘U],
and therefore
Yu = ¢,xu + Puy By = ¢,zu + Puy
Yo = o' + 00, 2y = ‘Vé’o + ¥ *
* E1sENHART, Differential Geometry, p. 118.

(94)
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By means of these equations, the transversality conditions (15) can be trans-
formed into

(95) Pru+ qYu+12.=0, pro+qye+ 13 =0,

from which it appears that the direction p, ¢, r is normal to the surface. By
Meusnier’s theorem, the radius of curvature at a point 0 of any curve L on
the surface is the orthogonal projection of the radius of the normal section
through 0 determined by the tangent to the original curve. The curve L
is transversal to the extremal C, and, as has just been seen, the normal p,
¢, r is also the normal to the surface. It follows that all curves on the surface
that have a common tangent at O have the same focal point on the extremal C .

To find the focal point of the surface, it will be sufficient to consider the focal
points determined by normal sections of the surface. One of these will be
the nearest to 0 on C and that one is also the focal point of the surface.

Let M be the normal section whose focal point m on Co: lies nearest 0.
Suppose the focal point s of the surface lies beyond m, and select a point 3
between m and s. Then since m is the focal point for M, a curve V43 can be
drawn intersecting M at 4 and such that

J(V43) < J(Coa)-

4 mmme . e e e )

Fic. 2.

On the other hand, since 3 lies between 0 and s we know that the arc Cy;
must minimize J between s and 3; hence

J(Co3) < J (Vis),

which contradicts the former result. Therefore s cannot lie beyond m .

Fia. 3.

If s lies between 0 and m, we will choose as before a point 3 between s
and m. Then as 3 lies beyond s, the extremal ceases to minimize J taken
Trans. Am. Math. Soc. 13
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between the surface and the point 3, and a curve V34 can be drawn to the

surface such that
(96) J (Vi) < J (Co3).

In fact a family of variations V,; depending upon a parameter £, joining S
to the point 3, and including Cy; for ¢ = 0, can be found, for each of which the
last inequality holds. The coérdinates of the intersection point 4 of the surface
with one of these variations are determined by equations of the form

u4=u4(t), '04='”4(t)’

which define a curve L on S passing through the point 0. Again, however,
a contradiction arises, for the focal point of the curve L on C is the same as
that of the normal section of S determined by the tangent to L, and therefore
coincides with or lies beyond m. Consequently from the last results of §5
the arc Cys minimizes J with respect to the curves of the family V3, and the
inequality (96) cannot be true.

We have proved therefore that the focal point of the surface on the extremal
Co1 must coincide with that one of the focal points of the normal sections at O that
18 nearest to 0 on the extremal.

TaE UNivERSITY OF CHICAGO,
Awugust, 1910.



